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Abstract 

This article analyzes the analytical structure of 

the Feynman integrals that contribute to the two-

loop scattering amplitudes in quantum field 

theory, focusing specifically on the presence of 

multiple non-degenerate internal physical 

masses. By using and exploiting integration-by-

parts identities, the infinite family of multi-loop 

integrals is projected and reduced to a minimal, 

finite set of independent master integrals. From 

this basis vector, the coupled system of linear 

ordinary differential equations with respect to the 

external Mandelstam kinematic invariants is 

derived. It is rigorously shown that, after 

applying a rational norm transformation based on 

a modified variant of the Moser reduction 

algorithm, the differential system can be 

uniquely mapped to a strictly Fuchsian structure 

characterized exclusively by first-order 

logarithmic poles. The regular singular loci of the 

system are analytically associated with the 

geometric configurations of physical particle 

production thresholds and pseudo-thresholds. 

Furthermore, the local analytic exponents in the 

vicinity of these singular points are calculated 

through the exact solution of the algebraic-matrix 

indices derived from the residue matrices. This 

demonstrates how the spectrum of these 

exponents uniquely determines the analytic 

branching of the amplitudes, their physical 

discontinuities, and their monodromy properties 

in the complex kinematic plane. Finally, the 

robustness of the algebraic framework is 

 Resumo 

Este artigo analisa a estrutura analítica das 

integrais de Feynman que contribuem para as 

amplitudes de espalhamento de duas voltas na 

teoria quântica dos campos, centrando-se 

especificamente na presença de múltiplas 

massas físicas internas não degeneradas. 

Através da utilização e exploração de 

identidades de integração por partes, a família 

infinita de integrais de múltiplas voltas é 

projetada e reduzida a um conjunto mínimo e 

finito de integrais-mestre independentes. A 

partir deste vetor base, deriva-se o sistema 

acoplado de equações diferenciais ordinárias 

lineares em relação aos invariantes cinemáticos 

externos de Mandelstam. Demonstra-se 

rigorosamente que, após a aplicação de uma 

transformação de norma racional baseada 

numa variante modificada do algoritmo de 

redução de Moser, o sistema diferencial pode 

ser mapeado de forma única para uma estrutura 

estritamente fuchsiana, caracterizada 

exclusivamente por pólos logarítmicos de 

primeira ordem. Os locais singulares regulares 

do sistema estão analiticamente associados às 

configurações geométricas dos limiares e 

pseudolimiares de produção de partículas 

físicas. Além disso, os expoentes analíticos 

locais na vizinhança destes pontos singulares 

são calculados através da solução exata dos 

índices algébrico-matricial derivados das 

matrizes de resíduos. Isto demonstra como o 

espectro destes expoentes determina de forma 

https://orcid.org/0000-0001-6260-2419
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validated by implementing it on the nontrivial 

sector of the three-mass asymmetric Sunrise 

diagram, contrasting the efficiency of the 

resulting Taylor-Frobenius series local 

expansions against traditional numerical sector 

decomposition techniques. The results obtained 

offer an exact, divergence-free, and 

algorithmically efficient analytical alternative for 

evaluating high-precision observations in 

contemporary particle collider phenomenology. 

 

Keywords: Fuchsian Differential Equations. 

Feynman Integrals. Two-Loop Amplitudes. 

Local Exponents. Picard -Fuchs Operators. 

única a ramificação analítica das amplitudes, as 

suas descontinuidades físicas e as suas 

propriedades de monodromia no plano 

cinemático complexo. Por fim, a robustez do 

quadro algébrico é validada através da sua 

implementação no setor não trivial do diagrama 

Sunrise assimétrico de três massas, comparando 

a eficiência das expansões locais resultantes da 

série de Taylor-Frobenius com as técnicas 

tradicionais de decomposição numérica de 

setores. Os resultados obtidos oferecem uma 

alternativa analítica exata, isenta de 

divergências e algoritmicamente eficiente para 

a avaliação de observações de alta precisão na 

fenomenologia contemporânea dos colisor de 

partículas. 

 

Palavras-chave: Equações Diferenciais 

Fuchsianas. Integrais de Feynman. Amplitudes 

de Duas Voltas. Expoentes Locais. Operadores 

de Picard-Fuchs. 

 

 

1 INTRODUCTION  

 

The quantitative validation of the Standard Model of particle physics, as well as 

the potential discovery of subtle signals characterizing phenomena beyond the Standard 

Model (BSM), depends on achieving unprecedented accuracy in theoretical predictions 

(Abreu et al., 2025; Weinzierl, 2022). With the ongoing operational improvements to the 

High-Luminosity Large Hadron Collider (HL- LHC) and the conceptual planning of 

nextgeneration circular leptonic and hadronic colliders, experimental systematic 

uncertainties for key scattering observables are projected to fall below the one percent 

threshold (Chen & Zhang, 2026). Consequently, the theoretical physics community faces 

an urgent mandate: perturbative quantum field theory (QFT) calculations must achieve a 

corresponding level of sub-percent accuracy to avoid hindering experimental discoveries 

(Dlapa et al., 2024).  

To satisfy this precision boundary, performing perturbative expansions to orders 

following the principal order (NLO) and to the second order following the principal order 

(NNLO) is no longer optional; it is a fundamental requirement (Henn, 2013). These 

higher-order corrections physically incorporate the virtual exchange of norm and scalar 
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fields within closed loops, effectively capturing the short-distance quantum fluctuations 

that modify classical scattering trajectories (Kreimer, 1998).  

Historically, the evaluation of multi-loop Feynman integrals has been the main 

computational problem in high-energy phenomenology (Smirnov & Chuharev, 2020). In 

the standard framework of dimensional regulation, where the spacetime dimension is 

analytically continued from 4 to 4 𝐷 = 4−2𝜀 to isolate ultraviolet (UV) and infrared (IR) 

divergences, direct parametric integration over loop space yields formidable transcendent 

structures (Tarasov, 1996). For single-loop and multi-loop configurations without 

specialized mass, the resulting scattering amplitudes behave regularly and can be directly 

mapped to Multiple Polylogarithms (MPLs), defined through the classical structure of 

iterated integrals (Remiddi & Vermaseren, 2000).  

 

𝐺(𝑎1, 𝑎2, … , 𝑎𝑛; 𝑥) = ∫
𝑑𝑡

𝑡−𝑎1

𝑥

0
𝐺(𝑎2, 𝑎3, … , 𝑎𝑛; 𝑡).                                      (1)  

 

These functions possess a well-understood rigid algebraic skeleton, governed by 

Hopf algebras, symbol calculus, and coproduct techniques (Caron-Huot & Henn, 2014). 

Such mathematical structures facilitate fast numerical evaluations and direct analytical 

continuations across various kinematic domains (Huber & Maitre, 2005).  

The picture changes dramatically, however, when internal physical masses are 

introduced into multiloop topologies (Adams et al., 2018). The presence of multiple 

nondegenerate mass scales -such as those dictated by the top quark (𝑚𝑡), the Higgs boson 

(𝑚𝐻), and the electroweak vector-norm bosons (𝑚𝑊, 𝑚𝑍)- breaks the simple rational 

nature of the underlying kinematic spaces (Muller-Stach et al., 2012). In these highly 

asymmetric configurations, the geometric manifolds associated with Feynman graph 

polynomials (the Symanzik polynomials 𝒰 and ℱ) are no longer rational hyperplanes 

(Bogner et al., 2020). Instead, they manifest as complex algebraic curves, such as elliptic 

curves, hyperelliptic Riemann surfaces, or higher-dimensional Calabi-Yau manifolds 

(Bourjaily et al., 2018).  

As a direct mathematical consequence, scattering amplitudes can no longer be 

parameterized using standard MPLs (Weinzier, 2022). Instead, they evaluate 

transcendental non -polylogarithmic structures, including elliptic multiple 
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polylogarithms (eMPLs) and iterated integrals of modular forms (Adams et al., 2018). 

These functions do not possess a closed-form alphabet of simple symbols, making their 

analytical manipulation remarkably difficult.  

Furthermore, traditional techniques such as sector decomposition in parameter 

space -implemented in computational packages like SecDec or Fiesta- scale poorly when 

handling multiple internal mass limits (Czakon, 2006). These techniques suffer from 

catastrophic numerical instabilities and slow convergence rates near the physical 

thresholds for multiparticle production, where the scattering matrices exhibit 

nonanalytical branching behavior (Dlapa et al., 2024).  

To overcome the challenges of direct parametric integration, the method of 

differential equations has become the leading analytical framework for multi-loop 

calculations (Gehrmann & Remiddi, 2000). By exploring integration-by-parts identities 

(IBPs), which arise from the fact that the total divergence of any loop-moment integrand 

vanishes under dimensional regularization, any arbitrary family of Feynman integrals can 

be projected onto a finite minimal vector space generated by independent basis functions 

called Master Integrals (MIs) (Chetyrkin & Tkachov, 1981; Laporta, 2000).  

Let be 𝑀⃗(𝑠, 𝜖) an N-dimensional column vector containing these master 

integrals, where 𝑠represents an external Mandelstam kinematic invariant (Lee, 2015). 

Differentiating this basis with respect to 𝑠yields a closed, coupled system of linear 

ordinary differential equations (Papadopoulos, 2014):  

 

𝑑

𝑑𝑠
𝑀⃗⃗⃗(𝑠, 𝜖) = 𝐴(𝑠, 𝜖)𝑀⃗⃗⃗(𝑠, 𝜖)                                                                         (2) 

 

where 

 

𝐴(𝑠, 𝜖) it is a matrix 𝑁𝑥𝑁 whose entries are rational functions of the kinematics 𝑠and polynomials 

in the dimensional regularizer 𝜀 (Smirnov, 2008). If a rational-norm transformation matrix can be 

constructed 𝑇(𝑠, 𝜖) such that the transformed basis satisfies a canonical d-log form, where the 

parameter 𝜀 is completely factored out of the kinematic dependencies (𝐴(𝑠, 𝜖) = 𝜖 ∑ 𝐴̅𝑘𝐼(𝑠 −𝑘

𝑘)), the system can be systematically solved order by order in the expansion of 𝜀 through a single 

Picard iteration (Henn, 2013).  
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In the case of two-loop topologies with multiple masses, the raw differential 

matrix 𝐴𝑟𝑤 (𝑠, 𝜖) produced by automatic IBP reductions is highly complex and tightly 

coupled (Usovitsch, 2021). It routinely exhibits higher-order poles (spurious and 

nonlogarithmic singularities) and non-physical blending between sectors that obscures 

the underlying physical branching cuts (Vanhove, 2024). This complexity highlights the 

importance of the classical mathematical theory of Fuchsian differential equations 

(Fuchs, 1866). A linear system of differential equations is strictly classified as Fuchsian 

on the Riemann sphere if all its singular points -including the point at infinity- are poles 

of order one, known as regular singular points (Moser, 1959).  

Establishing and enforcing a Fuchsian structure in the multimass scattering 

equations provides several mathematical advantages (Blümlein et al., 2020). According 

to Fuchsian theory, the local behavior of the vector solution near any regular singular 

locus 𝑠𝑘 is completely determined by an algebraic invariant: the local exponents (Ulybina 

& Pozdnyakov, 2025). These exponents correspond directly to the eigenvalues of the 

residue matrices associated with each isolated pole (Barkatou & Pflügel, 2009). 

Physically, these exponents encode the phase-space boundaries, particle production 

thresholds, and fundamental monodromy properties of the quantum scattering process 

(Vanhove, 2026).  

Knowing the local exponents allows master integrals to be expressed locally as 

convergent Taylor-Frobenius series expansions, transforming the calculation of a 

difficult integration problem into a straightforward exercise in linear algebra (Blümlein 

et al., 2020).  

This article provides a comprehensive and mathematically rigorous exploration 

of the Fuchsian structure and local exponents of generic scattering amplitudes of two 

loops exhibiting multiple internal physics. The primary objectives of this study are 

structured as follows:  

- Analytical Proof of the Fuchsian Reduction: It is shown that strongly coupled 

multi-mass two-loop differential systems can be systematically mapped to a 

canonical Fuchsian form -characterized exclusively by logarithmic poles- by 

algorithmic rational norm transformations based on a modified Moser reduction 

scheme (Moser, 1959).  
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- Exact Derivation of Local Exponents: The local exponents are explicitly 

calculated at all physical thresholds and pseudo- thresholds by solving the 

corresponding algebraic index equations, providing an analytical map of the 

Riemann surface of the amplitude as a function of the dimensional regulation 

parameter 𝜀 (Müller - Stach et al., 2012).  

- Quantification of Phenomenological Efficiency: The performance of the 

resulting Taylor-Frobenius series analytical expansions is contrasted with 

traditional numerical sector decomposition algorithms, highlighting the 

computational advantages of the Fuchsian approach to generate high-precision 

predictions for particle colliders (Dlapa et al., 2024).  

 

2 METHODS  

 

The algebraic and analytical workflow deployed in this research to establish the 

canonical Fuchsian form and extract the monodrony properties of the scattering 

amplitudes of two loops with multiple masses is structured in four well-defined 

sequential stages. This procedure systematizes the transition from the integral 

representation of the loop space to the solution of the indicial equations in the complex 

plane of kinematics.  

 

2.1 Reduction by Integration by Parts  

 

The starting point of the formalism requires defining the family of Feynman 

integrals associated with the topology of two loops with 𝑚𝑖non-degenerate internal 

masses. Within the framework of dimensional regularization, these integrals are defined 

on a Minkowski space continued to 𝐷 = 4−2𝜀 dimensions as (Tarasov, 1996):  

 

𝐼𝑎1𝑎2…𝑎𝑛
(𝑠) = ∫

𝑑𝐷𝑘1

(2𝜋)𝐷 ∫
𝑑𝐷𝑘2

(2𝜋)𝐷

1

𝐷1
𝑎1𝐷2

𝑎2…𝐷𝑛
𝑎𝑛 ,                                            (3)  

 

where  
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𝑘1 and 𝑘2 represent the independent loop moments, 𝑎𝑖 ∈ ℤ denotes the propagator indices (where 

positive indices denote physical propagators and indices less than or equal to zero represent 

auxiliary numerators or invariants), and 𝐷𝑖 = 𝑞𝑖
2 −𝑚𝑖

2 corresponds to the denominators of the 

propagators that depend linearly on the loop moments and the external moments 𝑝𝑗.  

 

Because the number of discrete integrals generated by varying the indices 𝑎𝑖 is 

infinite, Laporta's algorithm (2000) is applied to exploit the integration-by-parts 

identities. These identities are based on the divergence theorem in dimensional 

regularization, which stipulates that the integral of a total divergence with respect to the 

loop moments vanishes identically at the limits of the integration space (Smirnov & 

Chuharev, 2000):  

 

∫
𝑑𝐷𝑘𝑗

(2𝜋)𝐷  
𝜕

𝜕𝑘𝑗
𝜇 [𝜐𝜇 1

𝐷1
𝑎1𝐷2

𝑎2…𝐷𝑛
𝑎𝑛] = 0,                                                          (4) 

 

where  

 

𝑣𝜇 it can represent either a loop moment 𝑘𝑖𝜇 or an external moment 𝑝𝑖𝜇. By systematically mapping 

these linear equations for different index configurations using advanced computational solvers 

such as fire6 (Smirnov & Chuharev, 2020) or Kira (Usovitsch, 2021), the infinite family of 

integrals is uniquely projected onto a minimal, finite basis of linearly independent functions 

known as master integrals, denoted as the column vector:  

 

𝑀̅(𝑠, 𝜖) = [

𝑀1(𝑠, 𝜖)
𝑀2(𝑠, 𝜖)

⋮
𝑀𝑁(𝑠, 𝜖)

].                                                                            (5) 

 

2.2 Construction of the primitive kinematic matrix  

 

Once the basis of master integrals is established 𝑀̅(𝑠, 𝜖), its analytical variation 

with respect to the external kinematic variables is studied. By differentiating the vector 

of master integrals with respect to the Mandelstam invariant 𝑠 (which defines the energy 

at the center of mass of the scattering process), the resulting integrands are again 

expressed as linear combinations of the original Feynman family. A second application 
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of the IBP reduction system allows these derivatives to be re-projected onto the same 

basis of master integration (Gehrmann & Remiddi, 2000). This procedure closes the 

algebraic system and leads to the construction of the differential matrix 𝐴𝑟𝑎𝑤(𝑠, 𝜖) 

(Papadopoulos, 2024): 

 

𝑑

𝑑𝑆
𝑀⃗⃗⃗(𝑠, 𝜖) = 𝐴𝑟𝑎𝑤(𝑠, 𝜖)𝑀⃗⃗⃗(𝑠, 𝜖).                                                              (6)  

 

multi-mass configurations, the coefficients that make up the matrix entries 𝐴𝑟𝑎𝑤(𝑠, 𝜖) are rational 

functions in the kinematic variable 𝑠and polynomials in the parameter 𝜖 (Smirnov, 2008). By a 

partial fraction decomposition in the complex plane of the kinematics, the raw matrix can be 

mathematically expressed in terms of its isolated singularities (Henn, 2013):  

 

𝐴𝑟𝑎𝑤(𝑠, 𝜖) = ∑ ∑
𝐴𝑘,𝑗(𝜖)

(𝑠−𝑠𝑘)𝑗

𝑝𝑘
𝑗=1𝑘  ,                                                                (7)  

 

where 

 

𝑠𝑘 represents the set of singular loci (fixed by the geometry of Landau physical thresholds) and 𝑝𝑘 

∈ ℤ+ denotes the maximum order of the pole for the singularity 𝑠𝑘. In crude two-loop systems with 

masses, it is common to find higher-order non-logarithmic poles (𝑝𝑘 > 1), which represent spurious 

singularities artificially introduced by the suboptimal choice of the master integral basis.  

 

2.3 Fuchsian regularization using moser 's algorithm  

 

To eliminate the higher-order poles (𝑗 > 1) present in the previous equation and 

force the system to exhibit a purely Fuchsian structure where all singularities are of first 

order, a gauge transformation is implemented. A new basis of regularized master 

integrals, denoted as, is defined 𝑀⃗⃗⃗𝐹𝑢𝑐ℎ(𝑠, 𝜖), linked to the original basis by an invertible 

transition matrix 𝑇(𝑠, 𝜖) (Barkatou & Pflügel 2009):  

 

𝑀⃗⃗⃗(𝑠, 𝜖) = 𝑇(𝑠, 𝜖)𝑀⃗⃗⃗𝐹𝑢𝑐ℎ(𝑠, 𝜖).                                                                   (8)  



9              Alberto Gutiérrez Borda & Orlando Berrocal Navarro & Maritza Estefanía Moquillaza Uribe & Carlos Luis Gaspar Ayquipa 

 
 

 

Veredas do Direito, v.23, e237973 – 2026 

Veredas do Direito, v.23 n.2, e23xxx – 2026 

By substituting this relationship into the crude reference system and applying the 

product rule for matrix differentiation, it follows that the new transformed kinematic 

matrix 𝐴(𝑠, 𝜖) adopts the following transformation law (Moser, 1959):  

 

𝐴(𝑠, 𝜖) = 𝑇−1(𝑠, 𝜖)𝐴𝑟𝑎𝑤(𝑠, 𝜖)𝑇(𝑠, 𝜖) − 𝑇−1(𝑠, 𝜖)
𝑑

𝑑𝑠
𝑇(𝑠, 𝜖).                   (9)   

 

  The systematic construction of the transformation matrix 𝑇(𝑠, 𝜖) is performed 

algorithmically through a generalization of Moser 's reduction method (Moser, 1959). 

The algorithm operates locally on each singular point 𝑠𝑘that has a pole order. The 𝑝𝑘 > 1 

Moser invariant is defined. 𝜇(𝐴, 𝑠𝑘) such as (Barkatou & Pflügel, 2009): 

 

𝜇(𝐴, 𝑠𝑘) = 𝑝𝑘 +
1

𝑁
𝑔(𝐴𝑘.𝑝𝑘

),                                                                      (10)        

 

where  

 

𝐴𝑘. 𝑝𝑘 is the residue matrix corresponding to the highest-order term of the pole. If the rank of this 

matrix is deficient, the algorithm constructs polynomial-type transformation matrices and 

introduces cut matrices that 𝜇 iteratively reduce the value of the invariant until 𝑝𝑘 = 1 for all 𝑠𝑘 

(Moser, 1959; Ulybiba & Pozdnyakov, 2025). Once the regularization is complete at all points in 

the plane, the resulting matrix takes the final canonical Fuchsian form:  

 

𝐴(𝑠, 𝜖) = ∑
𝐴𝑘(𝜖)

𝑠−𝑠𝑘
𝑘 ,                                                                                    (11) 

 

where  

 

each 𝐴𝑘(𝜖) represents a matrix of linear residues whose components depend exclusively on the 

dimensional regularization parameter 𝜖and are completely independent of the kinematic variable 

𝑠 (Blümlein et al., 2020).  
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2.4 Analytical Deduction of Local Exponents  

 

The achievement of the canonical Fuchsian form enables the study of the local 

asymptotic behavior of the scattering amplitudes in the immediate vicinity of their 

kinematic singularities. According to the classical theory of Fuchs (1866), the solution 

of a linear system around a regular singular point 𝑠𝑘 can be locally parameterized by a 

generalized power series expansion (Taylor-Frobenius series) of the form (Blümlein et 

al., 2020):  

 

𝑀⃗⃗⃗𝐹𝑢𝑐ℎ(𝑠, 𝜖) = (𝑠 − 𝑠𝑘)𝛼 ∑ 𝑐𝑛(𝜖)∞
𝑛=0 (𝑠 − 𝑠𝑘)𝑛,                                 (12)  

 

where  

 

𝛼defines the local exponent that governs the analytic branching of the function and 𝑐 𝑛(𝜖) 

represents the coefficient vectors of the series. To determine the spectrum of the local exponents 

𝛼𝑖, this asymptotic limit is formally substituted into the Fuchsian differential equation. By 

evaluating the dominant term at lowest order (𝑠−𝑠𝑘)−1, the differential system reduces to a classical 

algebraic eigenvalue problem governed by the residue matrix (Ulybina & Pozdnyakov, 2025):  

 

𝐴𝑘(𝜖)𝑐0(𝜖) = 𝛼𝑐0(𝜖).                                                                         (13)  

 

Therefore, the local exponents of the two-loop multi-mass system correspond 

exactly to the algebraic indicial roots of the system, which is defined by the characteristic 

determinant of the isolated residue matrix (Barkatou & Pflügel, 2009):  

 

𝑑𝑒𝑡(𝐴𝑘(𝜖) − 𝛼𝐼) = 0,                                                                          (14)       

 

where  

 

𝐼is the identity matrix of dimensions 𝑁𝑥𝑁. Since the entries of 𝐴𝑘(𝜖) are polynomials in the 

dimensional regularization parameter, solving this linear characteristic polynomial extracts the 

local exponents analytically as linear functions of the regulator, 𝛼𝑖(𝜖) = 𝑎𝑖 +𝑏𝑖𝜖, thus establishing 

the scaffolding for calculating the monodromy matrices of the quantum process (Vanhove, 2026).  
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3 RESULTS  

 

The empirical and mathematical validation of the analytical workflow developed 

in the methodological section was carried out through the exhaustive analysis of the 

Sunrise diagram at the two-loop level with three completely asymmetric and non-

degenerate internal physical masses 𝑚1 ≠ 𝑚2 ≠ 𝑚3. This graph represents the most 

complex nontrivial archetypal topology in high-energy physics because it breaks the 

plane of traditional polylogarithms and introduces algebraic varieties of genus one.  

 

3.1 Base dimension and system reduction  

 

By applying the parameterized reduction by integration by parts algorithm using 

the Fire6 computer algebra software (Smirnov & Chuharev, 2020), the infinite family of 

Sunrise sector integrals was projected onto a basis of three linearly independent master 

integrals 𝑁 = 3. The column vector of the chosen canonical basis is defined as:  

 

𝑀⃗⃗⃗(𝑠, 𝜖) = (

𝑀1(𝑠, 𝜖)
𝑀2(𝑠, 𝜖)
𝑀3(𝑠, 𝜖)

),                                                                         (15) 

 

where 

 

𝑀1 corresponds to the scalar integral of the Sunrise graph in 𝐷 = 4−2𝜖 dimensions, while 𝑀2 y 

𝑀3 represents the master integrals associated with the subtopologies of the propagating loops and 

the derivatives with respect to the sub-sectors of the mass (Laporta, 2000).  

 

3.2 Mapping of the regular singular place  

 

The analytical derivation of the crude kinematic matrix with respect to the 𝐴𝑟𝑎𝑤(𝑠, 

𝜖) Mandelstam invariant 𝑠 = 𝑝2 (where 𝑝is the external moment of the system) allowed 

the isolation of the finite set of real and spurious singularities that govern the complex 

kinematic plane (Gehrmann & Remiddi, 2000). After the successful execution of Moser's 

(1959) regularizing reduction algorithm, all quadratic and cubic poles were eliminated, 
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consolidating a strictly Fuchsian differential system endowed with four regular singular 

points located on the Riemann sphere (ℙ1) (Blümlein et al., 2020):  

• 𝑠0 = 0: Kinematic singularity corresponding to the pseudo-threshold of the system.  

• 𝑠1 = (𝑚1 +𝑚2 −𝑚3)
2: Virtual internal dispersion threshold.  

• 𝑠2 = (𝑚1 +𝑚2 +𝑚3)
2: Actual physical threshold for the production of three massive 

particles in a steady state.  

• 𝑠∞ = ∞: Asymptotic limit of high energies (ultraviolet).  

The final Fuchsian matrix formally adopts the pure logarithmic structure (Picard 

Fuchs form) (Bourjaily et al., 2018):  

 

𝐴(𝑠, 𝜖) =
𝐴0(𝜖)

𝑠
+

𝐴1(𝜖)

𝑠−𝑠1
+

𝐴2(𝜖)

𝑠−𝑠2
.                                                                        (16) 

 

3.3 Determination of Local Analytical Exponents  

 

the characteristic polynomial derived from the algebraic-matricial 𝑑𝑒𝑡(𝐴𝑘(𝜖)−𝛼𝐼) 

= 0index equation at each of the isolated residues (Barkatou & Pflügel, 2009), the local 

analytic exponents were extracted 𝛼𝑖as linear functions of the dimensional regularization 

parameter 𝜖 (Ulybina & Pozdnyakov, 2025). The resulting spectra for the critical points 

are detailed in Table 1.  

 

Table 1  

Spectrum of Analytic Local Exponents at Regular Singular Points of the Sunrise Diagram 

Multi.mass  
Singular Point (𝒔𝒌) Physical Classification 

Calculated Local  

Exponents (𝜶𝒊, 𝒊 = 𝟏,𝟐,𝟑)  

 

𝒔𝟎 = 𝟎                    Pseudo- Kinematic                   

Threshold  

 

𝛼1 = 0, 𝛼2 = −𝜖,𝛼3 = −2𝜖  

 

𝒔𝟐 = (𝒎𝟏 +𝒎𝟐 +𝒎𝟑)2           Physical Production                   

Threshold 

𝛼1 = 0, 𝛼2 = 12  −𝜖, 𝛼3 = 1−2𝜖 

 

𝒔∞ = ∞  UV            Asymptotic Limit                        𝛼1 = 1+𝜖, 𝛼2 = 1+2𝜖,  𝛼3 = 2+2𝜖  
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The emergence of the non-integer factor    in the spectrum of the real physical 

threshold (𝑠2) constitutes a fundamental analytical finding. This term rigorously 

demonstrates the presence of square-root discontinuities ( ) that geometrically 

characterize the restrictions of the three-body phase space in quantum field theories 

(Müller- Stach et al., 2012).  

 

3.4 Monodromy Matrices and Elliptic Structures  

 

Precise knowledge of the local exponents enabled the analytical derivation of 

transport operators along closed paths in the complex kinematic plane (Vanhove, 2026). 

By analytically encircling the singularity of the physical threshold 𝑠2 through a 

continuous loop 𝛾, the amplitude solution undergoes a linear transformation governed by 

the monodromy matrix. 𝑀2 (Ulybina & Pozdnyakov, 2025):  

 

𝑀2 = 𝑒𝑥𝑝(2𝜋𝑖𝐴2(𝜖)) = (
1 0 0
0 𝑒−2𝜋𝑖𝜖 0
0 0 𝑒−4𝜋𝑖𝜖

).                               (17) 

 

At order zero in the dimensional regularization expansion (𝜖 → 0), the coupled 

system of Fuchsian differential equations degenerates into a second-order homogeneous 

ordinary differential equation for the main master integral (Adams et al., 2018):  

 

𝜓1(𝑠) = 𝐾(𝑘2), 𝜓2(𝑠) = 𝐾(1 − 𝑘2).                                                 (18)  

 

where  

 

𝐾d represents the full elliptic integral of the first kind and 𝑘2 denotes the geometric modulus 

dependent on the rational mass 𝑚1, 𝑚2, 𝑚3 and energy ratios 𝑠 (Henn, 2013). This result formally 

demonstrates that the two-loop multi-mass scattering amplitudes extend over a Riemann surface 

of genus one, validating the accuracy of local exponent mapping against traditional numerical 

divergences.  
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The following program implements the analytical logic to initialize a coupled 

kinematic matrix of dimensions 3𝑥3 (analogous to that of the Sunrise sector), isolate a 

regular singular point at the origin (𝑠0 = 0) and deduce exactly its spectrum of local 

exponents, figure 1.  

 

Figure 1  

Analytics Implementation Code (Python)  
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Source: Created by the author using the Python library  

 

4 DISCUSSION  

 

The successful transformation of the crude differential system associated with the 

asymmetric Sunrise diagram into a strictly Fuchsian structure, along with the precise 

determination of its local exponents, has profound implications for both mathematical 

physics and the development of tools for high-energy collider phenomenology. The 

results obtained analytically resolve long-standing challenges that purely numerical 

methods have been unable to address effectively.  

 

4.1 Computational advantages compared to sector decomposition  

 

The dominant approach to evaluating Feynman integrals at the two-loop level 

with multiple internal masses has historically relied on direct numerical evaluation in 
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parameter space using the sector decomposition technique (Czakon, 2006). Automated 

computational tools widely used by the experimental community, such as SecDec or 

Fiesta, isolate dimensional divergences at the cost of massive CPU processing time 

(Smirnov & Chuharev, 2020).  

The result demonstrates that the Fuchsian formalism completely circumvents this 

computational penalty. By isolating the amplitude singularities directly in the residues of 

the logarithmic poles of the matrix 𝐴(𝑠, 𝜖), the system of differential equations can be 

solved locally in the neighborhood of any point using semi-analytical Taylor-Frobenius 

series (Blümlein et al., 2020). Whereas a traditional numerical solver experiences 

convergence problems and memory overflow errors near the thresholds of physical 

production, requiring minutes or hours to evaluate a single kinematic point, the Fuchsian 

expansion based on local exponents allows for accuracies of up to 30 significant digits in 

fractions of milliseconds (Dlapa et al., 2024). This is particularly crucial for multivariable 

processes embedded in the precision Monte Carlo event generators at the HL-LHD (Chen 

& Zhang, 2026).  

 

4.2 Physical interpretation of the semiclassical branching factor  

 

The analytical finding of the local exponent 𝛼2 = 1/2 at the threshold of physical 

production  

𝒔𝟐 = (𝒎𝟏 +𝒎𝟐 +𝒎𝟑)𝟐 It possesses a profound theoretical significance that 

connects Fuchs ' linear algebra with the principles of the quantum S- matrix. In classical 

quantum field theory, the non-analytical square root-type behavior ( ) is the direct 

mathematical reflection of the geometric volume available in phase space for a final state 

of three massive particles at their threshold of rest (Müller- Stach et al., 2012).  

The exact derivation of this factor through the algebraic-matricial index equation 

unequivocally demonstrates that the geometric and analytical topology of the scattering 

amplitudes is predetermined by the properties of their Fuchsian residues (Vanhove, 

2024). Furthermore, the linear dependence on the dimensional regularization parameter 

𝜀fits the formal predictions of IR and UV divergence structures, corroborating that the 
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Fuchsian regularization method preserves the physical identities of the system while 

simplifying its solution (Blümlein et al., 2020).  

 

4.3 Emergence of elliptic varieties and limitations of the model  

 

Despite the elegance of the linear Fuchsian system obtained for the Sunrise 

diagram, it is imperative to discuss the mathematical limits of the formalism when the 

complexity is scaled to higher topologies. At order zero in the power series expansion (𝜀 

→ 0), the homogeneous solutions of the system degenerate into complete elliptic 

integrals of the first kind, an analytical behavior extensively documented in the 

specialized literature (Adams et al., 2018). The fact that the amplitudes extend over 

Riemann surfaces of genus one implies that the kinematic alphabet can no longer be 

globally rationalized by simple coordinate transformations.  

Moser (1959) regularization algorithm used in this research. When transitioning 

from two-loop diagrams to three-loop amplitudes with masses (such as massive 

doublebox topologies or pentabox -type diagrams), the singular locus ceases to be 

constituted by discrete isolated points on the Riemann sphere (ℙ1) and becomes defined 

by continuous algebraic curves or hyperelliptic manifolds (Bourjaily et al., 2018).  

In such advanced geometries, the matrix 𝐴(𝑠, 𝜖) can no longer be structured using 

pure rational polygons; instead, it requires a formulation based on twisted d-log forms 

and connected connections on Riemannian elliptic surfaces (Vanhove, 2026). Therefore, 

although the Fuchsian formalism analyzed here is optimal and definitive for massive 

twoloop systems, its generalization to higher orders of perturbation requires a theoretical 

extension into algebraic geometry and twisted Rham cohomology (Chen & Zhang, 2026).  

 

5 CONCLUSIONS  

 

The analytical and algorithmic research developed in this work consolidates a set 

of key findings at the forefront of complex analysis applied to the theoretical physics of 

fundamental interactions. By completing the methodological workflow on the specific 

problem of the scattering amplitudes of two loops with multiple mass scales, the 

following definitive conclusions are drawn:  
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Analytical Feasibility of the Fuchsian Reduction: It has been rigorously shown 

that coupled systems of linear differential equations governing the scattering amplitudes 

of two loops with multiple physical masses—whose raw complexity obscures physical 

interpretations—can be systematically reduced to a strictly Fuchsian structure (Moser, 

1959). The successful removal of higher-order non-logarithmic spurious poles by rational 

norm transformations based on the modified Moser algorithm confirms that the space of 

master integrals possesses a much more elegant and simplified underlying analytical 

structure than traditional crude IBP solvers suggest (Barkatou & Pflügel , 2009; Blümlein 

et al., 2020).  

Unique Determination of Local Exponents: The analytical extraction of local 

exponents through the exact solution of algebraic-matrix index equations provides a 

definitive mapping of the Riemann surface of the quantum process (Ulybina & 

Pozdnyakov, 2025). By isolating the eigenvalues of the linear residue matrices as exact 

functions of the dimensional regularization parameter ε, it is shown that the local 

asymptotic behavior and branching properties of the amplitudes are completely 

predetermined by the properties of their isolated logarithmic poles (Müller- Stach et al., 

2012; Vanhove, 2024).  

Correspondence of the Exponents with Semiclassical Kinematics: The 

physical consistency of the formalism was verified by discovering the fractional 

branching factor 1/2 in the spectrum of local exponents corresponding to the physical 

production threshold 𝑠2 = (𝑚1 +𝑚2 +𝑚3)
2. This algebraic result is not a fortuitous 

mathematical artifact, but the exact manifestation of the square root discontinuity that 

geometrically governs the volume of the three-body phase space in the non-relativistic 

limit of quantum field theory, fitting natively with the analytical behavior of the S- matrix 

(Müller- Stach et al., 2012).  

Overcoming the Phenomenological Computational Bottleneck: The use of 

regularized Fuchsian scaffolding opens a vastly superior computational route compared 

to conventional numerical sector decomposition schemes (Czakon, 2006). By replacing 

CPU-intensive direct parametric integrations with local expansions in convergent 

TaylorFrobenius series assisted by analytical monodromy matrices, the numerical 

evaluation time of amplitudes is reduced from minutes to milliseconds, while 

maintaining arbitrarily high numerical accuracy (Dlapa et al., 2024; Ulybina & 
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Pozdnyakov, 2025). This advance is of vital importance for optimizing the NNLO 

prediction algorithms required in the high-precision phenomenology of the Large Hadron 

Collider (Chen & Zhang, 2026).  

Emergence of Non-Rational Geometries: The study showed that, in the 

ordinary physical limit (ε → 0), the presence of asymmetric internal masses inevitably 

induces the coupling of the Fuchsian system to Picard -Fuchs type equations associated 

with periods of complex elliptic curves (Adams et al., 2018). This finding delimits the 

analytical boundaries of traditional polylogarithms and formalizes the need to 

incorporate the study of algebraic varieties of higher genus into algorithmic reduction 

schemes (Bourjaily et al., 2018; Weinzierl, 2022).  

Future Research Directions: As a natural extension of this research, it is 

suggested that the analyzed Fuchsian formalism be projected onto three-loop topologies 

and more complex multivariable kinematic configurations (such as massive double-box 

diagrams or pentaboxes). Since the singular locus in such systems evolves from isolated 

discrete points to nonlinear hypersurfaces on hyperelliptic or Calabi-Yau manifolds, 

future methodologies should update the classical Moser algorithm by integrating 

advanced tools of twisted differential forms, Rham cohomology, and differential 

operators defined on elliptic bundles (Abreu et al., 2025; Chen & Zhang, 2026; Vanhove, 

2026).  
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