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Abstract

Natural waste products—such as eggshells,
animal bones, and marine deposits—serve as
sustainable sources for nano-calcium carbonate
(CaCOs)  extraction.  Valorizing  these
nanoparticles for concrete reinforcement is
crucial  for developing durable, high-
performance infrastructure. This study adopts a
two-fold approach: first, the Hashin—Shtrikman
model is utilized to predict the nanomechanical
properties of bio-reinforced eco-concrete;
second, the free vibration response of a raft
foundation is analyzed using FSDT and HSDT
frameworks. Findings reveal that nano-CaCOs
incorporation not only optimizes
nanomechanical  characteristics  but also
significantly improves structural stiffness and
vibrational stability.

ELASTO-NANO-MECHANICAL CHARACTERIZATION OF BIO-DERIVED NANO-CACOs-REINFORCED SUSTAINABLE ECO-FRIENDLY CONCRETES FOR CO: EMISSION
REDUCTION: FREE VIBRATION ANALYSIS OF RAFT FOUNDATIONS

Resumo

Produtos naturais descartados, incluindo cascas
de ovos e depositos marinhos, sdo fontes
sustentaveis de Nano-CaCOs. Este trabalho
investiga o uso dessas nanoparticulas no reforco
de concretos ecolégicos através de uma
metodologia analitica dupla: a aplicacdo do
modelo de Hashin-Shtrikman para
caracterizacdo nanomecanica e a analise
dindmica de um radier baseada nas teorias
FSDT e HSDT. Os achados indicam que a
adicdo de nano-CaCO3 potencializa o
desempenho mecénico do material e aumenta a
eficiéncia estrutural frente a vibragdes livres.

Palavras-chave: Ecoconcreto. Nanocarbonato
de Calcio (Nano-Cacos). Nanoparticulas
Biosourcadas. Modelo de Hashin—Shtrikman.

Andlise de Vibracao Livre. Radier de Fundacéo.
Keywords:  Eco-Concrete.  Nano-Calcium
Carbonate (Nano-Cacos). Bio-Sourced
Nanoparticles. Hashin—Shtrikman Model. Free
Vibration Analysis. Raft Foundation.

1 INTRODUCTION

Nanoparticle technology has experienced rapid development in recent years,
significantly influencing the field of material reinforcement. Concrete, as one of the most
widely used traditional construction materials, has greatly benefited from these
advancements. Investigating its behavior at the nanoscale has become essential,
particularly in understanding how the incorporation of nanoparticles—either dispersed
randomly or arranged periodically—modifies its mechanical performance. Several
studies have explored this topic. Harrat et al. analyzed the influence of nano-silica
agglomeration using the Voigt homogenization model [1]. Chatbi et al. investigated the
agglomeration of reinforcements within slab structures [2]. Benfrid et al. applied the
Eshelby model to evaluate the thermal tensor of panels containing nano-scale glass
powder inclusions [3]. Dine Elhannani et al. extended the Eshelby approach to examine
the behavior of various mineral nano-inclusions in beam elements [4]. Similarly, Kecir et
al. studied the bending behavior of slabs reinforced with iron oxide nanoparticles, where
the rigidity of the biphasic composite system was determined using Eshelby’s formulation

[5]. Given the abundance of natural reinforcement sources, bio-based materials have
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attracted considerable scientific attention. A comprehensive review by Haidee Yulady
Jaramillo et al. reported more than 1,500 published studies on the incorporation of
biomaterials into concrete [6]. Schmidt et al. investigated self-compacting and high-
performance concretes produced using rice husk ash, cassava starch, lignosulfonate, and
sisal fibers, demonstrating improved durability characteristics [7]. Kawaai et al.
highlighted the effectiveness of bio-based additives such as alginate and Bacillus subtilis
in crack-sealing and repair mortars, noting reduced capillarity and enhanced reliability
[8]. Farhan Fatahillah et al. incorporated fly ash and eggshell powder into concrete
mixtures, observing performance improvements in calcined concrete specimens [9].
Experimental investigations have further confirmed the mechanical benefits of bio-
derived materials. Oussama Zaid et al. showed that adding 5% to 10% eggshell powder
and nano-silica enhances the strength of ultra-high-performance fiber-reinforced
concrete, although higher percentages reduce performance [10]. Shcherban et al.
identified 10% eggshell powder as the optimal proportion for minimizing deformation
under axial compression and tension [11]. Javed Ahmad Bhat et al. demonstrated that
animal bones can serve as aggregates in lightweight concrete, achieving compressive
strengths of approximately 20 MPa [12]. Konitufe Claudius et al. reported a 5%
improvement in mechanical properties when using pulverized animal bones and bone ash
[13]. Other researchers confirmed that fish bones, fish scales, and related biomaterials
enhance strength while maintaining compliance with construction standards and reducing
environmental impact, including CO. emissions [14-18]. Since concrete structures are
continuously exposed to dynamic actions such as wind loads, seismic activity, and ocean
waves, analyzing their vibration behavior is essential. Ding Hao-jiang et al. developed a
mathematical formulation to predict static bending and free vibration of layered isotropic
plates, identifying two independent vibration classes [19]. Alfano and Pagnotta
determined Poisson’s ratio and dynamic Young’s modulus from natural vibration
frequencies of thin rectangular plates [20]. Turan and co-authors extensively employed
Higher-Order Shear Deformation Theory (HSDT) to analyze vibration and buckling in
shells and laminated plates, incorporating orthotropic behavior and porosity effects [21—
26]. Additional studies investigated seismic structural dynamics, elastic foundations, and
beam vibrations using analytical methods such as KP-Ritz, Stodola—Vianello iteration,

and Euler—Bernoulli formulations [27-32]. Bio-ceramic materials derived from natural
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waste are particularly rich in nano-calcium carbonate. For example, eggshells contain
approximately 98% Ca-COs, making them a highly valuable resource for sustainable
material development [33-35]. Abdulkareem Adil Al-Ani, Hilal et al investigate the
dynamic behavior of concrete slabs reinforced with silica nanoparticles (NS), which
improve the microstructure by accelerating hydration and reducing porosity. Using a
refined quasi-3D plate theory combined with Eshelby’s homogenization model, they
analyze slabs resting on elastic and viscoelastic foundations. Their results show that
adding 30 wt% NS increases Young’s modulus by about 26% and raises the fundamental
natural frequency by up to 18%, with foundation parameters significantly affecting the
vibrational response [56]. Benfrid et al. study the use of waste glass nan-opowder (GNP)
as a sustainable additive to improve the thermal and mechanical performance of eco-
concrete for wall applications. Using homogenization models (Maxwell-Eucken for
thermal conductivity and Luo for elastic properties), they evaluate the elasto-thermo-
mechanical behavior of nano-reinforced concrete. Results show that 30% GNP increases
thermal conductivity by ~15% and thermal resistance by 25%, while reducing thermal
expansion and the U-value by about 30% and 25%, confirming its potential for energy-
efficient and eco-friendly structural walls [57]. Zouaoui et al. investigate the effect of
incorporating nanosized Fe.O; particles as fillers in concrete slabs and their influence on
thermo-mechanical behavior. The study uses a refined trigonometric shear deformation
theory (RTSDT) with stochastic Eshelby homogenization to determine thermoelastic
properties, considering mechanical loads, temperature fields, and a three-parameter
viscoelastic foundation (Winkler, Pasternak, damping). Results show that Fe.Os
nanoparticles improve mechanical resistance but may reduce thermal performance, while
the viscoelastic foundation helps mitigate these negative thermal effects and enhances
overall slab behavior [58]. Melati Lakhder et al. analytically investigates the flexural
behavior of nanocomposite plates reinforced with a steel-nano-tungsten alloy, known for
high thermal and corrosion resistance. The study applies a refined plate theory (RPT) with
a sinusoidal shape function and only four unknowns, capturing both normal and shear
deformations. Using the Mori—Tanaka homogenization model to estimate effective elastic
properties, results are validated with existing solutions and show that reinforcement and
geometric parameters strongly influence plate stresses and deflections [59]. Chatbi et al.

study the static behavior of simply supported concrete beams reinforced with different
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types of clay nano-platelets (NCs) using a quasi-3D beam theory. The effective elastic
properties are obtained through Eshelby’s homogenization model, while soil-structure
interaction is modeled with a Winkler—Pasternak elastic foundation. Using the principle
of virtual work and Navier-based analytical solutions, the results show that nanoplatelet
type, volume fraction, geometry, and foundation parameters significantly influence beam
deflection and mechanical resistance, confirming the efficiency of clay nano-platelets in
strengthening concrete beams [60]. Ahmed Bassoud Ahmed et al. use density functional
theory (DFT) to investigate the structural, electronic, and elastic properties of hydride
perovskites XCaHs (X = Na, K, Rb, Cs). Energy—volume optimization confirms their
stability in the cubic perovskite phase, while band structure analysis shows
semiconducting behavior with direct band gaps (=2.51-3.35 eV). Elastic constants satisfy
Born stability criteria, and calculated moduli indicate these materials are mechanically
stable, ductile, and potentially suitable for future energy applications [61]. Hamza
Bouchehit et al. investigate the vibration behavior and soil—structure interaction of steel
storage tanks. Their study analyzes the dynamic response of tanks considering the
influence of supporting soil conditions on stability and structural performance. Results
highlight the significant role of soil flexibility in modifying natural frequencies and
vibration characteristics of steel tanks [62]. Boukhari Ahmed et al. study the bending
behavior of concrete beams reinforced with granite waste powder using an improved
beam theory combined with the virtual work principle and Navier’s analytical solution.
The effective mechanical properties of the granite—concrete composite are estimated
using the Mori—Tanaka homogenization model. Results show that increasing the granite
powder volume fraction enhances elastic and shear properties, leading to reduced beam
deflection and transverse displacement, while also offering economic and environmental
benefits through waste recycling and reduced emissions [63]. Abdelkader Yerkrou et al.
study the mechanical and thermal buckling behavior of concrete panels incorporating
glass waste and red brick waste as sustainable additives. Using the Mori—Tanaka
homogenization model, they determine the thermo-mechanical properties of the biphasic
mixture and evaluate critical buckling load and critical buckling temperature through
FSDT (with a 5/6 correction factor). Results show that waste addition improves
mechanical properties but generally reduces thermal performance, significantly affecting

buckling behavior, with brick waste giving better thermal buckling resistance than glass
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waste [64]. Abdelmoutalib Benfrid et al. investigate the thermal buckling instability of
polymer panels used in water and oil reservoirs reinforced with short glass particulates.
Several studies have investigated the thermal, mechanical, and dynamic behavior of
advanced cementitious, composite, and structural materials. Abdelmoutalib et al.
examined the thermal instability of a polymer panel reinforced with glass particles in
order to evaluate its response under thermal effects [65] Benfrid proposed a biphasic
homogenization approach for predicting the thermal and mechanical properties of eco-
concretes [66]. Belmahi et al. analyzed the influence of acidic and alkaline environments
on the mechanical properties of cement mortars [67]. Benfrid investigated the
elastomechanical properties of concrete modified with aluminum nano-inclusions [69].
Khetir et al. studied the contribution of bio-sourced nanocomposites to the mechanical
performance of a simply supported lightweight concrete beam [70]. Chatbi et al.
demonstrated the effect of nano-clay platelets on improving the bending performance of
concrete beams resting on elastic foundations [71]. Harrat et al. modeled the dynamic
response of concrete beams modified with clay nanoparticles and supported by two-
parameter elastic foundations [72]. Zahafi et al. proposed a lumped-parameter model for
analyzing the wvertical vibrations of surface circular foundations resting on
nonhomogeneous soil [73]. Bencharif et al. presented a time-domain implementation of
soil-structure interaction techniques using frequency-dependent impedance functions
[74]. Chatbi et al. investigated the incorporation of nano-clay platelets to enhance the
flexural behavior of concrete beams on elastic foundations [75]. Chatbi et al. studied the
free vibration of composite beams reinforced with randomly aligned carbon nanotubes
and resting on an elastic foundation [76]. Bencharif et al. developed a hybrid BEM-TLM-
PML method to calculate the dynamic impedance functions of a rigid strip footing resting
on nearly saturated poroelastic soil [77]. Tebbouche et al. characterized the EI Kherba
landslide triggered by the August 7, 2020 Mila earthquake using post-event field
observations and ambient noise analysis [78]. Benfrid carried out a theoretical
comparative study of homogenization models to estimate the effective properties of
environmental concretes [79]. Sid Ahmed et al. analyzed the mechanical properties of
thermally treated plastic-pozzolanic modified mortars [80]. Sid Ahmed et al. developed
eco-friendly composite mortars for sustainable construction by assessing their

rheological, thermo-mechanical, durability, and environmental performance [81]. Turan
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and Benfrid investigated the free vibration of higher-order shear deformable porous
orthotropic beams [82]. Benfrid analyzed the free vibration of a building raft foundation
reinforced with short steel fibers [83]. Benfrid and Turan studied heat transfer in eco-
friendly concrete panels containing low concentrations of recycled cardboard [84].
Abdelmoutalib et al. also examined the thermal instability of a polymer panel reinforced
with glass particles [85]. Mladenov and Doicheva presented illustrative applications
related to the behavior of simply supported beams [86]. Mladenov and Doicheva analyzed
the flexural-torsional buckling of an eccentrically supported beam [87]. Doicheva
proposed an exact solution for a beam resting on off-center elastic supports [88].
Doicheva investigated the critical and post-critical behavior of a T-shaped frame [89].
Mladenov and Doicheva analyzed the critical and post-critical behavior of a water tower
with a conical tank [90]. Mladenov and Doicheva studied the flexural-torsional buckling
of a beam supported by elastic rotational springs [91]. Doicheva and Mladenov examined
dynamic characteristics used in the analysis of building structures [92]. Doicheva
analyzed the shear force in interior beam-column joints subjected to two symmetrical
transverse forces applied to the beam [93]. Doicheva studied the variation of shear force
in reinforced concrete internal beam—column connections when the transverse load
occupies different positions along the beam [94]. Doicheva investigated the effect of
crack initiation and growth in a cantilever beam on the shear force of an internal beam—
column joint [95]. Doicheva examined the influence of two symmetrical uniformly
distributed loads placed at different positions on the shear force of an internal beam—
column connection [96]. Doicheva studied the horizontal shear force in reinforced
concrete internal beam—column connections during crack initiation and propagation
caused by a linearly distributed load on a cantilever beam [97]. The study on plaster
beams proposed a new approach for investigating the bending behavior of elements
reinforced with short nano-bio-fibres using the Algerian DISS method [98]. Benfrid et al.
investigated the thermal insulation performance of bio-based concrete made from apricot
kernels [99]. Finally, Benfrid et al. analyzed the enhancement of the thermal efficiency
of bio-concrete reinforced with wheat straw nanofibers for energy-efficient buildings
[100].

The study aims to evaluate how adding 10% and 20% glass particulates, while

improving mechanical strength, may negatively affect thermal buckling resistance. A
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calculation script is developed to predict the thermal buckling behavior of these
reinforced polymer panels and assess their structural reliability under thermal loading
[65]. The present work is structured into two main parts. The first part focuses on the
homogenization of concrete reinforced with 5% and 10% nano-calcium carbonate using
the Hashin—Shtrikman model [36], which provides reliable bounds for estimating the
effective properties of biphasic composite materials. Previous research has validated the
accuracy of this model in predicting elastic and thermal properties of concrete composites
[37-40]. Additional studies have also addressed waste recycling, pozzolanic additives,
and innovative sustainable concrete formulations [51-55].The second part investigates
the free vibration behavior of slabs made from conventional concrete and compares them
with raft foundations reinforced with 5% and 10% nano-calcium carbonate. The
developed model is validated against established theoretical formulations. The obtained
results enable a detailed analysis of natural frequencies and vibration modes, providing
valuable insight for future seismic evaluations. Since raft foundations are subjected to
dynamic excitations and vibrate freely under environmental and seismic loads, special
attention is given to the vibration response of slabs reinforced with bio-based
nanomaterials, aiming to better understand their structural performance under realistic

dynamic conditions.
2 HOMOGENIZATION HASHIN-SHTRIKMAN MODEL

The Hashin—Shtrikman model [36] is widely employed in scientific research for
estimating the effective properties of composite materials. BENFRID et al. applied this
model to homogenize concrete reinforced with glass nanoparticles [41]. Yiguo Zhang et
al. used the Hashin—Shtrikman formulation to investigate the interfacial transition zone
(ITZ) in concrete, as well as its influence on durability and mechanical resistance [42].
Raimondo Luciano J. and R. Willis combined the Hashin—Shtrikman approach with the
finite element method to examine the impact of non-local interactions in concrete
structures [43]. Fatima Aouissi et al. compared biphasic and triphasic homogenization
models to predict the elastic modulus of concrete, relying on the Hashin—Shtrikman
framework to model ITZ interactions [44]. Chunxiang Shi et al. also used this model to

evaluate the effective elastic properties of concrete composites [45].
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In the present section, the homogenization process is assumed to be biphasic and
ideal. The interaction stresses between the matrix and the reinforcement are neglected,
and the resulting composite material is considered homogeneous and isotropic after
homogenization. The concrete is taken as the matrix phase, while bio-sourced nano-
calcium carbonate is considered the reinforcement phase, introduced with volume
fractions of 10% and 20%.

The two bounds of the compressibility modulus:

K™ =K, + — Ve —;
(Kg =Ky ) +31-V;)(BK,, +4G,,)

K™ =Kg+ — Vi - 1)
(KM _KR) +3VR(3KR+4GR)

K™<K'<K™

The two bounds of the shear modulus:

*— VR .
G = GM + 1 1
(GR _GM ) + 6(1_VR)(KM + 2GM )(SGM (3KM +4GM ))
G™ =Gy + Vi : )
(G, —Gg) t+6V. (K, +2G,)(5G, (3K, +4G )
G <G <G™

The two bounds of the elasticity modulus:

E**z—gK G ;E*,:—Qlf G — ET<E <E" (3)
3K"+G” 3K +G
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The Poisson's ratio:

V*_:—3K7_ZG7;V*+ 3K =26 vy <y (4)
6K™ +2G 6K" +2G”

Noted that:

o K™: Superior homogeneous compressibility modulus.
o K™ Lower homogeneous compressibility modulus.
e K Average homogeneous compressibility modulus.

Ku : Compressive modulus of the matrix (concrete).

Ke : Compressive modulus of the reinforcement (nano-calcium carbonate).
G": Superior homogeneous Shear modulus.
e G™: Lower homogeneous Shear modulus.
G, Average homogeneous Shear modulus.
G : Shear modulus of the matrix (concrete).
o Cr : Shear modulus of the reinforcement (nano-calcium carbonate).
o« E7. Superior homogeneous Elastic’s modulus.
e E7:Lower homogeneous Elastic’s modulus.

. E. Average homogeneous Elastic’s modulus.

o Eu : Elastic’s modulus of the matrix (concrete).

o Ex : Elastic’s modulus of the reinforcement (nano-calcium carbonate).

o« V', Superior homogeneous Poisson's ratio.
e V :Lower homogeneous Poisson's ratio.

e V : Average homogeneous Poisson's ratio.

Y™ : Poisson's ratio of the matrix (concrete).

Ve

o Vu : Volume fraction of the matrix (concrete).

VR

: Poisson's ratio of the reinforcement (nano-calcium carbonate).

: Volume fraction of the reinforcement (nano-calcium carbonate).

When:
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KM = —EM ’KR = —ER ’
31-2v,,) 31-2vy)
E E
Gy =——" R =L )
21+v,,) 21+vy)
For Density
P =Vepr +Viy Py
In which:
VMatrix+Reinf0rcement :VM +VR :1 (6)

3 PROGRAMMING THE VIBRATION BEHAVIOR

In this section, the slab is simply supported, composed of concrete reinforced with

nano-calcium carbonate, as shown in Figure 1.

Figure 1
A simply supported concrete slab, reinforced with different volume fraction of nano-

calcium carbonate

X Ordinary Concrete Xf Ordinary Concrete + 10% nano-inclusions X Ordinary Concrete + 20% nano-inclusions
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The displacements are defined:

U y.2) =u(y) -2 XD g EN
X OX

V(X Y,2) =V (%, y) 2 Y] gy (%) )
Y
W (X, Y,2) =W, (X, ¥) + W, (X,Y) 9

The displacements in the x and y directions at a point on the mid-plane of the slab
are denoted as (u,, v,), while (wn, ws) represent the buckling and shear components,

respectively, of the transverse displacement f(z). Same for [41]:

f(2)=z2g@)=T@ . 3 FSDT
oz 6
(10)
f(2)=1z 1—— ) 9(2) = (Z) .k, =1 HSDT
The constitutive stress-strain relationships:
O-x Qll QlZ 0 0 0 gx
oy QZl sz 0 0 0 Ly
o= 0 0 Qi 0 0 |12 (11)
TXZ 2}/XZ
o 0 0 Q, O
7y, 27y,
0 0 0 0 Q]
when:
1-vHE V'E
= = - = = = S < 12
Qll QZZ (1+V )(1—2V ) Q12 Q21 (1+V )(1—2V ) ( )
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*

E

Q33 = Q44 = st =G = m (13)

The components of the different deformations and distortions:

ouU ov oJ av ou ow oV oW
=— &, =— 2V, = 2Y, =—+—2r +—

X OX y ay Xy ax ay o7 ox vz = E ay (14)

The principle of virtual work is applied to determine the mechanical bending

response of the slab:

j (U + oV)dt =0 (15)

oU is given by the following expression and represents the virtual variations of

the internal strain energy within this slab:

(0,08, + 0,06, + 7,0y + 7,07, + 7,07,)dAdz (16)

X

A
et

[\)‘3_'—.[\)‘3‘

Introducing equations (14) to (16) into the previous equation (17), they yield:

2 ) )
U= (, 2% e, L% e afW5+Ny85V°—beabeJrMsxast
A OX 0%x o%x oy &y 7y
ny(% 6§v) M 6§Wb LS, otow, Qyzaaw5+sz 85Ws_lxyaéws_lxy65wb
(17)
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The resultants of stresses and moments (N, Mp, Ms, Q (mechanical case) :

N; =b [ oydz ;M°; =b [ 2030z ;M3 =b [ f(2)oydz ;Q; =b [ 9(2)x,0dz
“n “h “n “n

2 2 2

(218)

Note that i or j correspond to x or y.

oV represents the virtual external energy induced by the external mechanical loads
(N (mechanical loads) and T (Thermal Loads)) and is defined as:

-]

A

NoWdAdz: 6V = — IA TOWdAdz (19)

N‘\jc—.,\,\g—
N“j'—.m\:r

By substituting equation (19 and 18) with equation (17), which depends on
equation (20), and performing integration by parts while considering the coefficients of

oUo , oVo , OW» and dws, the resulting equations of motion are derived as follows:

oN
5u0:%+ L= X" (20)
ox oy
ON, ON,
oV, —r+—2=1Y" (21)
oy OX
2 b aZMb 62Mb 2 2
oW, : aal\/lz x_9 p ayxy + ¥ LN =1,(Z,"+Z,") + I2%+ Iz% (22)
X X X X
2N/ S aZMs aZMs a ) 2
5ws:a Mz x_2 L — +aQXZ + O +N= IO(ZS“+Zb“)+|26_VZS+Iza_"‘2’b
OX oxoy oy OX OX OX
(23)

Given the simply supported rectangular panel, shown in Figure 1, with a length
"a", awidth "b", and a total thickness "h", the boundary conditions are defined as follows:
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X=0;x=a;V,=W, =w, =N, =M =M =0
. b b s (24)
y:O’X: ’UOZWb:WS:Ny:My :My :O

The free vibration
[K]-@’[m]{A}=0 (25)
Using Navier's solution for the simply supported plate case, the admissible

displacement functions will be expressed in the following manner to satisfy the boundary

conditions outlined in the equation (35).

u(x, y) = ZZ X 1 COS(EX)sin(5 X)€" (26)
v(x,Y) =ZZY cos(Ex)sin(x)e™ (27)
W, () =ZZZ sin(Ex)sin(ex)e™ (29)
W, (%, ) =Zzz sin(Ex)sin(ex)e™ 29)

(Xonr Yourn Zsmny Zsmn) are the arbitrary parameters to be determined.

§=——ig=—~ (30)
a

Finally, to derive the analytical solutions, the results of the substitution can be

presented in the following matrix form:
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K11 KlZ K13 Kl4 r‘nll O O 0 X mn 0
K K K K 0 m 0 0 Y 0
12 22 23 u | ? 22 m ([ _ (31)
Kl3 Kza K33 K34 0 0 my; My, men 0
K14 K24 K34 K44 0 O m34 m44 Zsmn 0
When:

1,1, =H_[(1, 2,2%) pdz;
my, =m,, =M, = Io; (32)
My =1, + Il(é,z +§2);
m,, =1+ |2(§2 +§2);
After resolve N in mechanical Loads (Dimensionless parameter):

@ : solve([K]- @’*[m]{A}=0) (33)

Not that we have three frutescence’s:

Yo,
=w*h /—m 34
T, =0 Gm (34)

In which:

Ky= _A11§2 - A33g2; Ky ==86(Ag+A,) Ky = B1153 +(2Bg + Blz)ggz;

Ky = Bsuézg +(2B% + lez)étgz; Ky = _'A&1§2 + A33g2; Ky = _822§3 +(2By + B12)§§2;
(35)

Koy =—Bp6” + (2B +B,)68” Kyg = =Dy y&" +2(Dy, + 2D, )(68)* + D™
Kas = _Dsnéf4 +2(D°, + 2D533)(§§)2 + Dszzgz; Ny, = gt + A&
Ko = —AT0E" = 2(A7, + 2A7)(68)" + AT 6" + A7 &% + A7 6%

(36)
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when:
h h h h h
2 2 2 2 2

A =b [ QudzB, =b [ QuzdzD; =b [ Q7°dz:A" =b [ Q, f (2)dzB%; =b | Qyzf (2)dkz;
(37)

A, =b | Q;zx, f*(z)dz;A™; =b | Q;x,9(2)dz; (38)

Il
N‘:\rt_..,\;\:;-
N‘:‘r'."\":

4 RESULTS AND DISCUSSION

Table 1 summarizes the mechanical properties of the concrete matrix and the
nano-calcium carbonate nanoparticles used as reinforcement in this study. Table 2

presents the properties of ordinary concrete and nano-calcium carbonate-reinforced
concrete.

Table 1

The mechanical properties of concrete as the matrix and nano-Nano-calcium Carbonate
as the reinforcement [47] an [48].

Properties Matrix Concrete Reinforced nano-Nano-calcium
(Concrete) [47] (nano-calcium Carbonate
carbonate) [48]
Elastic Em (GPa) 20 Er (GPa) 68.7
modulus
Poisson's ratio Vi 0.3 A 0.329
Shear modulus Gum (GPa) 7.79 Gr (GPa) 25.82
Bulk modulus Kwm (GPa) 16.67 Kr (GPa) 67.08
Density pm(Kg/m®) 2500 pr(Kg/m®) 2620
Table 2

The effective mechanical properties of concrete reinforced with 10% and 20% nano-
calcium carbonate, compared to ordinary concrete.

Properties Elastic modulus | Poisson's | Shear modulus | Bulk modulus Density
ratio
Symbols and Units E* v G* K" "
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(GPa) (GPa) (GPa) (Kg/m®)
Vu(0%) 20 0.3 7.7 16.7 2520
V(10%) 229 0.31 8.8 19.2 2510
Vu(20%) 25.9 0.32 10.2 22.4 2515

The incorporation of nano-CaCO:s leads to a noticeable enhancement in Young’s
modulus, Poisson’s ratio, compressibility, density, and shear modulus, indicating an
overall improvement in the mechanical strength of the concrete, as reported in Table 2.

To validate and compare the proposed model, the material parameters were taken
as =210 GPa, density p=7800 kg/m*, and Poisson’s ratio v=0.3\nu = 0.3v=0.3, in
accordance with the reference works presented in [49] and [50].

Table 3

Comparison between my obtained frequencies now by FSDT and HSDT with the review

of Ghugal and Sayyad [49] for square plate (a=b) and rectangular plate when: b = J2a
and (a/h =10) isotope plate.

frequencies @, @, @, @, @, @,
Shape of plate Square Rectangular
Modes/Methods  Ghugal and Present Present Ghugal and Present Present
Sayyad [49] (FSDT) (HSDT) Sayyad [49] (FSDT) (HSDT)
(1,1) 0.0933 0.094 0.091 0.0705 0.071 0.068
(1,2) 0.2231 0.23 0.22 0.1393 0.14 0.13
(1,3) 0.4148 0.47 0.42 0.2438 0.25 0.24

According to Table 3, the results obtained from both theories are in good
agreement with those reported in the reference literature, which confirms the validity of
the developed numerical implementation for frequency calculation. It is also observed
that the Higher-Order Shear Deformation Theory (HSDT) provides more accurate
predictions. Therefore, only the HSDT model will be used in the subsequent analysis.

Table 4 presents the variation of the natural frequencies for both square and
rectangular slabs across different vibration modes, considering the two reinforcement

volume fractions.
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Table 4
Comparison between the frequencies of ordinary concrete and reinforced concrete for a

square plate (a=b) and rectangular plate when: b = J2a and (a/h =10) isotope plate.

frequencies @, @, | @, @, @, @,
Shape of plate Square Rectangular
Modes/Vf 0% | 10% | 20% 0% 10% | 20%
(1,1) 0.092| 0.12 | 0.13 0.07 0.09 0.10
(1,2) 022 | 030 | 031 0.13 0.18 0.19
(1,3) 042 | 058 | 0.59 0.24 0.33 0.34

The incorporation of nano-calcium carbonate into the concrete enhances its
dynamic behavior, as evidenced by the increase in natural frequencies with higher
nanoparticle volume fractions. This rise in frequency indicates an improvement in
structural stiffness. The best performance is observed for reinforcement levels of 10%

and 20%, as presented in Table 4.

Figure 2
The variation of length and thickness in the case of a square plate where (m =n = 1).
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Figure 3
The variation of length and thickness in the case of a square plate where (m = n =2).
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The variation of length and width with a=4h for the modes (m=n=1).
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Figure 5
The variation of length and width with a=4h for the modes (m=n=2).
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From Figure 2, it can be observed that the natural frequency decreases as the ratio
a/h increases. It is also recalled that the optimal reinforcement content is 10% nano-
CaCO:s. When the vibration mode changes, the frequency increases by nearly three times,
as shown and compared in Figures 2 and 3.In Figures 5 and 6, the slab length is varied
with respect to its width while keeping a/h=1. It is noted that increasing the ratio b/a leads
to a reduction in the frequency. Concrete reinforced with 10% and 20% nano-CaCOs
exhibits higher frequencies due to the increased stiffness of the raft foundation. In
addition, the frequency in mode 1 remains lower than that in mode 2. However, the results
indicate that an addition of only 10% nano-CaCO:s is sufficient to achieve significant
improvement. In the corner regions of Figures 3 and 4, the results become very close,

since the slab becomes thicker.
5 CONCLUSION

The Hashin—Shtrikman model proves to be an effective tool for analyzing the
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nanomechanical behavior of concrete, as it enables the estimation of equivalent
mechanical properties at the nanoscale when nano-reinforcements are incorporated. The
addition of nano-calcium carbonate progressively enhances the mechanical performance
of concrete slabs, increasing the stiffness of the raft foundation and improving its
resistance to vibrations. However, beyond a reinforcement level of 10%, the
improvements become nearly marginal, making 10% the most suitable proportion from
an economic perspective. Furthermore, the Higher-Order Shear Deformation Theory
(HSDT) consistently provides more accurate results than classical theories for vibration
analysis. The findings of this study demonstrate that concrete reinforced with nano-
calcium carbonate exhibits greater durability and improved resistance to dynamic
loading, while also contributing to environmental sustainability through the valorization
of bio-based waste materials and the reduction of CO:2 emissions. This research opens
promising perspectives in the field of nanotechnology applied to concrete, reduces
reliance on extensive experimental campaigns, and provides a valuable reference for
future investigations, particularly in vibration analysis and structural protection against
seismic effects.
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