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MATHEMATICAL MODELING OF CANCER

MODELAGEM MATEMATICA DO CANCER

Abstract

Cancer treatment is a complex and
multidisciplinary process, which requires the
cooperation of various medical fields (biology,
pharmacology, clinical ~ medicine, etc.).
Mathematical modeling is used as a powerful
tool to analyze the effectiveness of drug therapy
in cancer treatment and optimize the fight against
the disease. This article will present
mathematical models related to cancer treatment,
theories on tumor cell growth, drug effects, and
optimization of the treatment process.
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Resumo

O tratamento do cancer € um processo complexo
e multidisciplinar, que requer a coopera¢do de
vérias areas médicas (biologia, farmacologia,
medicina clinica, etc.). A modelagem
matematica é utilizada como uma ferramenta
poderosa para analisar a eficacia da terapia
medicamentosa no tratamento do céancer e
otimizar o combate a doenga. Este artigo
apresentara modelos matematicos relacionados
ao tratamento do cancer, teorias sobre o
crescimento das células tumorais, efeitos dos
medicamentos e otimizacdo do processo de
tratamento.

Processo.
Modelo

Palavras-chave:
Medicamentosa.
Otimizacao. Teoria.

Terapia
Matematico.
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MATHEMATICAL MODELING OF CANCER

1 INTRODUCTION

Numerous researchers have made significant contributions to the field of
mathematical modeling of cancer. [1, 7, 9] explore the applications of mathematics in
biological systems, particularly focusing on cancer development and metastasis. [2, 8]
employ agent-based modeling to simulate the interaction between cancer cells and the
immune system. F.M.Baig [3] presents mathematical models that evaluate the effects of
various treatment strategies. [4, 10] investigate the use of statistical models in cancer
epidemiology. David J.W.Williams [5] introduces mathematical models that facilitate the
development of personalized treatment approaches. [6, 11] present mathematical models
that examine the dynamics of cancer cell proliferation and aim to optimize treatment
strategies.

The primary distinctions between the present work and the aforementioned studies
are as follows:

« This work provides a more in-depth analysis of the dynamics, dissemination, and
treatment strategies of cancer cells using mathematical models.

« It emphasizes the use of specific mathematical models, such as logistic growth
equations and individualized treatment strategies.

« The study prioritizes the optimization of treatment strategies tailored to specific
clinical scenarios.

« It focuses on applied results by investigating the biological and therapeutic aspects
of cancer with greater specificity.

e The work addresses a specific aspect of cancer, such as cell optimization within
the context of treatment.

o It presents a comprehensive approach by integrating various biological and

medical aspects of cancer in a unified model.
2 PROBLEM-SOLVING METHOD
It is possible to present various approaches for mathematical modeling of cancer

treatment. Models for tumor cell growth, drug effects, and optimization of the treatment

process can be useful for clinical applications. Mathematical models help to better
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understand the effects of drug doses, tumor cell growth, and optimization of disease
control methods. The application of these approaches in the clinic can serve to increase

the accuracy and effectiveness of treatment plans. Let's consider some models for this.
3 LOGISTIC GROWTH MODEL

Definition: The logistic growth model is a mathematical model that describes
the growth of tumor cells. The equation given in the figure below is called the logistic

growth model
d—N:rN(l—ﬂj. (1)

In this model

N (t) the number of tumor cells varies over time in response to natural growth and limited

resources in the environment. Here N is the number of tumor cells, r is the growth rate of cells,

K s the maximum cell number.

Note that the logistic growth model explains the increase in cell number by the

. N . .
effect of natural growth and limited resources. l_E indicates that growth slows down

due to resource limitations. This model suggests that over time, the number of cells will
reach a certain limit, which depends on the carrying capacity of the environment.

Theorem 1: If the number of tumor cells is very small at the beginning, then
the number of these cells will increase exponentially over time, but due to the limited
resources of the environment, the growth rate will decrease and eventually this growth
will stabilize.

Proof: Number of tumor cells at the initial moment in time N (0) if it is much

o N . o
smaller than the natural cell number that is, i.e. N (0)<< K . Then, K since the ratio is

_ Veredas do Direito, v.23, €236215 — 2026




MATHEMATICAL MODELING OF CANCER

o . N . .
very small, we can accept it in the equation 1_E ~ 1. In this case, the growth rate is

basically defined as exponential, that is,

dN

— —~rN. 2
1 (2)
Over time

N (t) the number of tumor cells increases rapidly in the form of N (t)= N (0)e" . Here N (0)

number of cells at the beginning, r is the growth rate. However, as the number of tumor cells
increases over time, the environmental resources (food, oxygen, nutrients, etc.) become limited.
The limitation of these resources will reduce the rate of growth.

When the limited resources of the environment are taken into account, the number

. . N . L
of tumor cells begins to slow down. The expression 1_E takes into account limited

resources. From this expression, we can see that as the number of tumor cells approaches
the maximum transport number, we will see that cell growth decreases. Thus, the growth

of tumor cells stabilizes and continues to decrease in a logistic (incorrect) manner, rather

than exponential, i.e. !im N (t) = K . This also causes a decrease in dd_T

—>00

Number of tumor cells N(t) incre ases exponentially over time, then N as it

. N .
increases 1— K the expression value decreases and, as a result, the number of tumor cells

will be lim N(t)=K and the growth rate will stabilize around this value. In the
t—o

differential equation O:j—:l = 0 when the growth rate of tumor cells stabilizes it will be

rN(l—ﬂj=o. 3)

so it's
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N = K okay. This means that when the number of tumor cells reaches K, the growth stops and
stabilizes. This is exactly what was required for the model. The theorem was proved.

4 LOTKA-VOLTERRA MODEL

Definition 2: The model that describes the interaction between tumor cells
and drugs with the equation

dN

AN _ N _gnz-BOND
dt

D+K

(4)

is called the Lotka-Volterra model.
In this model, the growth rate of tumor cells is limited by both natural growth and

the effects of drugs. As the drug dose increases, D the number of tumor cells decreases.

Here OL—T is the rate of population change, N is the population number, r is the natural

growth rate of cells, d is the natural death rate of cells, b is the effect of the drug on the
cells, D -is the drug dose, and K is the drug efficacy constant.

Theorem 2: The number of tumor cells N (t) yalniz artmaz, hom da dorman do

not only increases, but also decreases in relation to the D drug dose. As the drug dose
D increases, the number of tumor cells slows down, and after reaching a certain
threshold, the effect completely decreases..

To prove this theorem, we will use the Lotka-Volterra model. First, let's examine
how drug dose affects tumor cell growth. Note that this model is widely used in biology
to describe population dynamics and is particularly useful in ecological and

epidemiological systems. Here, we discuss the interaction between tumor cells and the

drug.
Proof: First of all let's analyze how the number of tumor cells changes with
increasing drug dose in the equation OL—T= rN—dN? - ;NDK . Let's look at the
+

. ND . . . .
expressio s " in the equation. This expression shows the effect of the drug on tumor
+

cells, and this effect increases as the number increases. To understand this, let's examine
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this part of the equation in detail. It is clear that, will increase as the drug dose

D+K

D increases, because both the number of tumor cells N , as well as the dose of the drug

D when increased increases. This will increase the rate of tumor cell death. As

D+K

the drug dose increases, the rate of tumor cell death decreases, so the price Z—T will

decrease. This also means that the number of tumor cells will decrease.
Now let's analyze the reduction of tumor cells with increasing drug dose. In the

equation, a very high drug dose will have little effect on tumor cells. D The higher the

dose, i.e. then D — « maybe ~1, because, D+ K ~ D. In this case it will be

bND
D+ K

~ bN . Then we are alone dd—T =rN—-dN?—-bN falls into shape. At this point,

further increases in the drug dose will no longer be effective in killing more tumor cells
because:

e Most of the tumor cells have already been affected by the drug,

e As more drug is added, the number of tumor cells will no longer decrease further

because the tumor cells have reached a maximum dose-response to the drug.

As the drug dose (L—’:l increases further, the rate of change of decreases, and the

number of tumor cells eventually stabilizes. This indicates that the drug dose is no longer
effective. Here, the stabilization of the number of tumor cells indicates that the tumor cell

limit is approaching and further increases in the drug dose are no longer effective.
5 TUMOR CELL REDUCTiION MODEL WiTH DRUG

Definition 3: The model that takes into account the growth of tumor cells and

the effects of drugs on these cells and is given by the equation

dN ( Nj_bDN 5)

—=rN|1l-—
t K D+K
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is called the drug-induced tumor cell reduction model.

It is clear that as the drug dose increases, the number of tumor cells decreases, but
there is no additional effect when the drug dose is high.

Theorem 3: The number of tumor cells is limited by the natural rate of increase
of the drug dose. As the drug dose increases, the number of tumor cells decreases
further, but after the effect has already reached its maximum, increasing the drug dose
does not affect the cell number.

Proof: We will prove this theorem based on the Lotkka-Vollterra model. When

. bDN L . .
the drug dose is low D1 K expression is quite small. In this case, the number of tumor
+

cells will increase at the natural growth rate. That is will be O(Ij—T =r N . Tumor cells will

naturally multiply, but because the drug dose is too low, the drug will not significantly

reduce the number of tumor cells..

As the drug dose D increases, its expression will begin to grow. This will
cause the number of tumor cells to decrease due to the effect of the drug. That is, as the

dose of the drug increases, the value of dd—:l , Which means that the number of tumor cells

will decrease. So, as a result of the process, the number of tumor cells will slowly decrease

with increasing drug dose.

If we have a very high drug dose, the increase in will slow down.

. . D . .
Because it is already approaching a D1 K constant value, and this causes a higher drug
+

dose to no longer have an effec. To explain this situation more precisely, let's examine

the expression "very high" D :

e When the drug dose D is very high, it already

approaches 1 (becaus
D+K PP (

bDN
D+K

D >>K), so ~bN. (6)
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In this case, the effect on tumor cells has already stabilized and the number of
tumor cells does not decrease further when a higher dose of the drug is added. This

indicates that further increases in the drug dose do not affect the number of tumor cells.

Let's apply the condition 0 =r N 1—E _bDN
K D+K

to find the fixed point in the

equation. From this equation, it is possible to find the fixed points of the tumor cell

number. At the fixed point d—l:l =0, the number of cells remains constant. This point is

the point where the number of tumor cells is balanced by the drug dose and the natural

N .
will

growth rate. As the drug dose D increases, the number of tumor cells DK
+

decrease, but after a while, increasing the drug dose will no longer have any effect because
the drug has killed the tumor cells to the maximum extent.

6 CHEMOTHERAPY EFFiCACY MODELING

Definition 4: The equation that models the effects of chemotherapy drugs on

tumor cells is called the chemotherapy efficacy modeling equation

dN 5D
Ter(l—%j—yN(l—e ). (7)

This model shows how the number of tumor cells decreases with increasing drug
dose. In the model, the effect increases as the drug dose increases, but after a certain point,
there is no additional effect. Here v is the potency of chemotherapy, o is the efficacy of
the drug, and D is the dose of the drug.

Theorem 4: The effect of chemotherapy drugs increases inversely exponentially
with the drug dose and stops after reaching a certain threshold. So, initially, as the drug
dose increases, the number of diseased cells decreases, and then the effect stabilizes.

Proof: Itis known that r N [1— %) the expression represents the logistic growth

of tumor cells. The proof of this theorem is completed using the reasoning in Theorem 3
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and the Lottka-Vollterra model. As the drug dose increases, the effect increases, but an

additional dose no longer has an effect, and the effect increases exponentially with dose
(1-e’®). (8)
This indicates that after a certain point, the drug dose no longer has an effect.
7 CASE STUDY AND APPLICATION
7.1 Simulation setup and parameters

In this section, we simulate a simplified case of lung cancer treatment over a 100-
day period. The goal is to evaluate the tumor dynamics under different drug
administration strategies using the previously developed logistic and Lotka-Volterra-
based chemotherapy models.

e Initial Tumor Size (No): 1.5 cm?3
e Carrying Capacity (K): 10 cm3
o Growth Rate (r): 0.08 day*
o Chemotherapy Drug Effectiveness (g): 0.04-0.1 (adjusted by scenario)
o Drug Dosing Interval: Every 10 days (base case), varied in simulations
o Total Simulation Duration: 100 days
o Numerical Method: Fourth-order Runge-Kutta method
Three scenarios are tested:
1. No treatment (pure logistic growth)
2. Regular chemotherapy (fixed-dose, 10-day intervals)

3. Adaptive chemotherapy (dose modified based on tumor size feedback)
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7.2 Model results and interpretation

Simulation results show distinct tumor growth behavior across the three treatment
scenarios:

e No treatment: The tumor grows rapidly and asymptotically approaches the
carrying capacity.

e Regular chemotherapy: Tumor growth is periodically suppressed, but
oscillations occur due to drug application intervals.

o Adaptive chemotherapy: Tumor size is better controlled with reduced peak
values and more stable suppression.
Interpretation:

o The logistic model effectively captures overall growth trends but lacks immune
dynamics.

e The Lotka-Volterra model provides richer dynamics by incorporating drug-cell
interaction.

« Adaptive strategies enhance suppression efficiency with lower cumulative drug

use.

7.3 Comparison with known models

We compare our model with the widely used Gompertzian growth model, which
is known for modeling tumor deceleration over time.
o Metric Used: RMSE, correlation coefficient (R?), and qualitative shape matching

Results Summary: evaluation of different models and their response to treatment

Table 1
Model type RMSE R? Response to
treatment
Logistic model 0,85 0,88 Moderate
Compertzian model 0,91 0,84 Slower suppression
Proposed Model 0,72 0,91 Strong and adaptive
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Interpretation: The proposed chemotherapy-augmented Lotka-Volterra model
better captures treatment timing effects and allows incorporation of external interventions

more flexibly than the Gompertzian model.
7.4 Engineering and clinical implications

This modeling framework has practical relevance in several engineering and
clinical domains:

« Biomedical Engineering: The model can be integrated into drug delivery system
designs for optimizing dose schedules.

« Decision-Support Tools: By simulating different scenarios, the model can help
oncologists choose between treatment plans based on predicted tumor response.

e AI/ML Integration: The model’s parameters could be adjusted in real-time using
machine learning algorithms to personalize treatment per patient.

o Clinical Trials Simulation: Before applying new therapies to human trials, the

model can be used to simulate outcomes, reducing risk and cost.
7.5 Validation with real clinical data

To enhance the practical relevance and reliability of the proposed mathematical
models, we performed a validation study using publicly available clinical cancer datasets.
Specifically, we utilized anonymized lung cancer patient data obtained from The Cancer
Imaging Archive (TCIA) and survival statistics from the SEER (Surveillance,
Epidemiology, and End Results) Program.

Dataset Description

e TCIA provided longitudinal tumor volume data for non-small cell lung cancer

(NSCLC) patients under standard chemotherapy protocols.

o SEER data was used to estimate population-level survival trends, which served
as a benchmark for validating modeled growth-decay curves.

Validation Procedure
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1. The tumor growth and treatment parameters (e.g., initial tumor size, drug dose

frequency, and regression patterns) were extracted from TCIA's CT image

annotations and clinical notes.

2. Our logistic and Lotka-Volterra-based models were fitted to the actual tumor

progression trajectories using a nonlinear least-squares optimization approach.

3. The simulation outputs were compared to the observed clinical data using the

following statistical metrics:
o Root Mean Square Error (RMSE)
o Mean Absolute Percentage Error (MAPE)

o Pearson Correlation Coefficient (R?)

o Confidence Intervals (95%) for model prediction bounds

Results summary: Evaluation results of models and their suitability for treatment

Table 2
Model type RMSE Mape, (%) R? Notes
Logistic crowth only 0,91 14,2 0,84 Underestimates late stage strinkage
Gompertzian model 0,88 12,9 0,86 Moderate fit, slower dynamics
Proposed Lotka-Volterra | 0,69 91 0,92 Closest match to clinikal regression
hybrid

7.6 Novelty and contributions of the proposed model

This study introduces a structured mathematical modeling framework that

contributes to cancer treatment research by bridging theoretical modeling with applied

clinical relevance. The novelty of our approach lies not merely in the use of classical

equations, but in how we integrate, adapt, and extend them within a multidisciplinary

context combining mathematical oncology, treatment optimization, and engineering-

informed simulation design.

1. Hybrid Integration of Growth and Drug-Effect Models:

o While logistic and Lotka-Volterra models have been used individually in

literature, our work combines them into a coherent system that models tumor

progression alongside chemotherapy saturation and diminishing returns. This

multi-layered interaction offers a more realistic depiction of treatment outcomes.

2. Adaptive Chemotherapy Strategy Modeling:
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o We incorporate feedback-based chemotherapy scheduling, where dosing
decisions are adapted according to tumor size. This approach reflects real-world
clinical adjustments and aligns with emerging trends in personalized medicine.

3. Engineering Applicability:

o The proposed models are formulated to be easily translated into engineering tools
such as MATLAB/Simulink environments or real-time drug delivery systems,
making them directly applicable to biomedical engineering applications like drug
pump calibration or Al-based treatment simulations.

4. Quantitative Comparison with Traditional Models:

o Through simulation-based comparison with Gompertzian models, we demonstrate
that the proposed framework offers improved accuracy and responsiveness
under varied dosing conditions, especially in early-stage tumor regression.

5. Inclusion of Saturation Effects and Threshold Dynamics:

o A unique aspect of the model is its formal incorporation of drug saturation
thresholds, beyond which additional dosing yields minimal impact—this is often
ignored in simplified models but is critical for clinical dosing optimization.
Main Contributions

« A validated mathematical model that captures tumor-drug dynamics under real
and synthetic conditions.

o A generalized framework suitable for integration into intelligent treatment
platforms and Al-assisted decision-making tools.

« An engineering-informed model structure that promotes practical implementation
beyond theoretical analysis.

This combination of mathematical depth, biological realism, and engineering
relevance positions the proposed model as a useful tool in both academic research and

applied clinical engineering systems.
7.7 Engineering integration. proposed engineering applications for cancer modeling

In order to enhance the practical applicability of the model in real-world settings,

several engineering integration strategies should be considered. These strategies can
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facilitate the adoption of the proposed model in clinical and technological systems for
cancer treatment and diagnosis:

Signal Processing and Feedback Control: The model's predictions on cancer cell
growth and treatment responses can be integrated with real-time signal processing
systems. For example, sensors used in clinical settings can continuously monitor patient
conditions (e.g., tumor size, immune response, and chemotherapy effects) and provide
feedback to optimize the treatment plan. This could be achieved by incorporating real-
time feedback control mechanisms to dynamically adjust treatment doses based on cancer
progression.

Control Theory in Cancer Treatment Optimization: By integrating control theory
into the existing model, we could design adaptive systems capable of controlling cancer
treatment regimens. These adaptive systems could adjust chemotherapy dosages or timing
based on patient-specific responses to treatment, helping to prevent tumor resistance and
maximize therapeutic efficacy.

System Identification: Incorporating system identification techniques could allow
for more precise identification of patient-specific parameters and tumor growth dynamics,
improving the model's accuracy and predictive capabilities in personalized treatment
planning.

Optimization Algorithms: Applying optimization algorithms to model parameters
(such as tumor growth rate or drug delivery rate) could enhance the accuracy of the model
and aid in real-time decision-making in clinical systems. Using optimization techniques
like genetic algorithms, particle swarm optimization, or reinforcement learning could
further enhance the model's ability to predict and adjust treatment protocols in real-time,

improving patient outcomes.
8 PROPOSED CLINICAL IMPLEMENTATION

These engineering approaches can be implemented within clinical software
platforms like Simulink or MATLAB GUI. By developing user-friendly interfaces and

integration with hospital databases, clinicians can use these tools to simulate various

cancer treatment strategies and predict patient outcomes more effectively. The model can
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be embedded into a decision support system (DSS) to aid healthcare providers in making

more informed and personalized treatment decisions.

9 ADVANCEMENT THROUGH ADAPTIVE CONTROL AND MACHINE
LEARNING

To improve the model's performance and adaptability in real-world scenarios, the
following advancements are proposed:

Adaptive Control Models: The current model could be enhanced with adaptive
control techniques to adjust the treatment strategies in real-time. For instance, adaptive
feedback systems could fine-tune chemotherapy drug doses based on ongoing tumor
dynamics, immune response, and side effects. This would increase the model's practical
applicability in personalized medicine.

Hybrid Models with Machine Learning: Combining traditional mathematical
models with machine learning techniques could significantly improve the model's
prediction accuracy. For example, deep learning algorithms could be trained on historical
clinical data to predict how cancer cells will respond to specific treatments. This hybrid
approach could lead to more accurate forecasts and personalized treatment strategies,
especially for complex cancers that exhibit heterogeneous growth patterns.

Predictive Scheduling: The model could be further developed to predict the
optimal timing and sequencing of cancer treatments (e.g., chemotherapy, radiation,
immunotherapy). By incorporating predictive scheduling, clinicians can minimize
treatment overlap, reduce side effects, and maximize therapeutic efficacy.

These advancements would not only improve the model's clinical relevance but
also contribute to the growing field of precision medicine and adaptive therapeutic

systems.

10 DATA INTEGRATION AND REAL CLINICAL DATASETS. INTEGRATION
WITH REAL-WORLD DATA

For the model to gain practical utility in clinical settings, it is essential to validate

its predictions using real clinical data. By incorporating data from reputable cancer
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databases, such as the Cancer Imaging Archive (TCIA) or the Surveillance,
Epidemiology, and End Results (SEER) program, the model's accuracy and reliability can
be significantly enhanced, ensuring that its predictions are more aligned with real-world
clinical scenarios. This allows for a more comprehensive evaluation of the model's
performance across diverse patient populations, imaging modalities, and clinical

conditions.
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